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Abstract. We consider Hamiltonian systems restricted to the hypersurfaces
of contact type and obtain a partial version of the Arnold-Liouville theorem:
the system not need to be integrable on the whole phase space, while the
invariant hypersurface is foliated on an invariant Lagrangian tori. In the sec-
ond part of the paper we consider contact systems with constraints. As an
example, the Reeb flows on Brieskorn manifolds are considered.
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1. Introduction
Usually, integrable systems are considered within a framework of symplectic or
Poisson geometry, but there is a well defined non-Hamiltonian (e.g., see [6, 37]) as
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well as a contact setting studied in [3, 33, 23, 22, 19, 9]. The aim of this paper
is to stress some natural applications of contact integrability to the Hamiltonian
systems and to provide examples of contact integrable flows.
In the first part of the paper we consider Hamiltonian systems restricted to the
hypersurfaces of contact type and obtain a partial version of the Arnold-Liouville
theorem: the system need not be integrable on the whole phase space, while the
invariant hypersurface is foliated on invariant Lagrangian tori with quasi-periodic
dynamics. The construction can also be applied to the partially integrable systems
and the systems of Hess-Appel’rot type, where the invariant hypersurface is foliated
on Lagrangian tori, but not with quasi-periodic dynamics [12, 18, 13].
In the second part of the paper we consider contact systems with constraints
and derive a contact version of Dirac’s construction for constrained Hamiltonian
systems. As an example, the Reeb flows on Brieskorn manifolds are considered.
From the point of view of integrability, those Reeb flows are very simple. However,
we use them to clearly demonstrate the use of Dirac’s construction and to interpret
the regularity of the Reeb flows within a framework of contact integrability.
For the completeness and clarity of the exposition, in Subsections 1.1, 1.2 and
2.1 we recall basic definitions in contact geometry, the notion of contact noncom-
mutative integrability, and the Maupertuis–Jacobi metric, respectively.
1.1. Contact flows and the Jacobi bracket. A contact form α on a (2n+
1)-dimensional manifoldM is a Pfaffian form satisfying α∧(dα)n 6= 0. By a contact
manifold (M,H) we mean a connected (2n+ 1)-dimensional manifold M equipped
with a nonintegrable contact (or horizontal) distribution H, locally defined by a
contact form: H|U = kerα|U , U is an open set in M [24]. Two contact forms α
and α′ define the same contact distribution H on U if and only if α′ = aα for some
nowhere vanishing function a on U .
The condition α ∧ (dα)n 6= 0 implies that the form dα|x is nondegenerate
(symplectic) structure restricted to Hx. The conformal class of dα|x is invariant
under the change α′ = aα. If V is a linear subspace ofHx, then we have well defined
its orthogonal complement in Hx with respect to dα|x, as well as the notion of the
isotropic (V ⊂ orthH V), coisotropic (V ⊃ orthH V) and the Lagrange subspaces
(V = orthH V) of Hx . A submanifold N ⊂M is pre-isotropic if it transversal to H
and if Gx = TxN ∩ Hx is an isotropic subspace of Hx, x ∈ N . The last condition
is equivalent to the condition that distribution G =
⋃
xGx defines a foliation. It
is pre-Legendrian submanifold if it is of maximal dimension n + 1, that is G is a
Lagrangian subbundle of H.
A contact diffeomorphism between contact manifolds (M,H) and (M ′,H′) is a
diffeomorphism φ : M →M ′ such that φ∗H = H′. An infinitesimal automorphism
of a contact structure (M,H) is a vector field X , called a contact vector field such
that its local 1-parameter group is made of contact diffeomorphisms. Locally, if
H = kerα, then LXα = λα, for some smooth function λ.
From now on, we consider co-oriented (or strictly) contact manifolds (M,α),
where contact distributions H are associated to globally defined contact forms α.
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The Reeb vector field Z is a vector field uniquely defined by
(1.1) iZα = 1, iZdα = 0.
The tangent bundle TM and the cotangent bundle T ∗M are decomposed into
TM = Z ⊕ H and T ∗M = H0 ⊕ Z0, where Z = RZ is the kernel of dα, Z0
and H0 = Rα are the annihilators of Z and H, respectively. The sections of Z0
are called semi-basic forms. Whence, we have decompositions of vector fields and
1-forms
(1.2) X = (iXα)Z + Xˆ, η = (iZη)α+ ηˆ,
where Xˆ is horizontal and ηˆ is semi-basic.
The mapping α♭ : X 7→ −iXdα carries X into a semi-basic form. The form dα
is non-degenerate on H and the restriction of α♭ to horizontal vector fields is an
isomorphism whose inverse will be denoted by α♯. The vector field
(1.3) Yf = fZ + Yˆf , Yˆf = α
♯(d̂f).
is a contact vector field (LYfα = Z(f)α) and
(1.4) x˙ = Yf
is called the contact Hamiltonian equation corresponding to f . Notice that Z = Y1
and f = iYfα.
The mapping f 7→ Yf is a Lie algebra isomorphism (Y[f,g] = [Yf , Yg]) between
the set C∞(M) of smooth functions on M and the set N of infinitesimal contact
automorphisms. Here, the Jacobi bracket [·, ·] on C∞(M) is defined by (see [24])
(1.5) [f, g] = dα(Yf , Yg) + fZ(g)− gZ(f) = Yf (g)− gZ(f).
The Jacobi bracket does not satisfy the Leibniz rule. However, within the class
of functions that are integrals of the Reeb flow, C∞α (M) = {f ∈ C
∞(M) |Z(f) =
[1, f ] = 0}, the Jacobi bracket has the usual properties of the Poisson bracket: g
is an integral of (1.4) if and only if [g, f ] = 0 and if g1 and g2 are two integrals of
(1.4), then [g1, g2] is also an integral.
1.2. Contact integrability. A Hamiltonian system on 2n-dimensional sym-
plectic manifold (P, ω) is noncommutatively integrable if it has 2n − r almost ev-
erywhere independent integrals F1, F2, . . . , F2n−r and F1, . . . , Fr commute with all
integrals
(1.6) {Fi, Fj} = 0, j = 1, . . . , r, i = 1, . . . , 2n− r.
Regular compact connected invariant manifolds of the system are isotropic tori,
generated by Hamiltonian flows of F1, . . . , Fr. In a neighborhood of a regular torus,
there exist canonical generalized action–angle coordinates such that integrals Fi,
i = 1, . . . , r depend only on actions and the flow is translation in angle coordinates
(see Nekhoroshev [29] and Mishchenko and Fomenko [26]). If r = n we have the
usual commutative integrability described in the Arnold-Liouville theorem [2].
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Noncommutative integrability of contact flows can be stated in the following
form (see [19]). Suppose we have a collection of integrals f1, f2, . . . , f2n−r of equa-
tion (1.4) on a (2n + 1)-dimensional co-oriented contact manifold (M,α), where
f = f1 or f = 1 and
(1.7) [1, fi] = 0, [fi, fj ] = 0, i = 1, . . . , 2n− r, j = 1, . . . , r.
Let T be a compact connected component of the level set {f1 = c1, . . . , f2n−r =
c2n−r} and df1∧· · ·∧df2n−r 6= 0 on T . Then T is diffeomorphic to a pre-isotropic r+
1-dimensional torus Tr+1. There exist a neighborhood U of T and a diffeomorphism
φ : U → Tr+1 ×D,
(1.8) φ(x) = (θ, y, x) = (θ0, θ1, . . . , θr, y1, . . . , yr, x1, . . . , x2s), s = n− r,
where D ⊂ R2n−r, such that
(i) α has the following canonical form
(1.9) α0 = (φ
−1)∗α = y0dθ0 + y1dθ1 + · · ·+ yrdθr + g1dx1 + · · ·+ g2sdx2s,
where y0 is a smooth function of y and g1, . . . , g2s are functions of (y, x);
(ii) the flow of Yf on invariant tori is quasi-periodic
(1.10) (θ0, θ1, . . . , θr) 7−→ (θ0 + tω0, θ1 + tω2, . . . , θr + tωr), t ∈ R,
where the frequencies ω0, . . . , ωr depend only on y.
Note that we can define the notion of noncommutative integrability of contact
equations x˙ = X on contact manifolds (M,H) without involving globally defined
contact form α (for more details see [19]).
The case r = n corresponds to the contact commutative integrability defined
by Banyaga and Molino, where the invariant tori are pre-Legendrian [3] (see also
[22, 9]). A slightly different notion of (commutative) contact integrability in terms
of the modified Poisson (or the Jacobi-Mayer) bracket (·, ·) [15],
(f, g)α ∧ (dα)n = n df ∧ dg ∧ α ∧ (dα)n−1,
is given by Webster [33]. Note that the modified Poisson bracket satisfies the
Leibniz rule, but does not satisfy the Jacobi identity.
1.3. Outline and results of the paper. In Section 2 we firstly consider
integrable Hamiltonian systems restricted to the hypersurfaces of contact type and
prove that the appropriate Reeb flows are examples of contact integrable systems
(Proposition 2.1). This is a contact analogue of the construction of integrable
geodesic flows by the use of the Maupertuis principle [7]. As an example, a contact
algebraic hypersurface of degree 4 in (R2n+2(q, p), dp∧dq) with an integrable Reeb
flow associated to the Gelfand–Cetlin system on u(n+1) is given (Proposition 2.1).
Proposition 2.1 is a special case of a more general statement on isoenergetic
integrability (Theorem 2.1, Corollary 2.1), where the system doesn’t need to be
integrable on the whole phase space, but the relation (1.6) holds on a fixed isoen-
ergetic hypersurface M of contact type. Then, as in the case of the usual (non-
commutative) integrability, M is foliated on invariant (isotropic) Lagrangian tori
with quasi-periodic dynamics.
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The construction of partial integrals for natural mechanical systems on a fixed
isoenergetic hypersurface is studied by Birkhoff [4, 5]. Although the problem is
classical and some variants of restricted integrability on invariant manifolds are
already studied (see [31] and references therein), Theorem 2.1 is a benefit of a
noncommutative contact integrability given in [19].
When we interchange the role of the Hamiltonian function and one of the
integrals we obtain the situation closely related to the partial integrability and the
systems of Hess-Appel’rot type [12, 18, 13], where the invariant manifolds are
foliated on Lagrangian tori, but not with quasi-periodic dynamics (see Corollary
2.2).
In Section 3 we consider contact flows with constraints and derive the contact
version of Dirac’s construction for constrained Hamiltonian systems (Theorem 3.1).
As an example of such a construction, we start in Section 4 from aK-contact sphere
S2n+1 (see [35]) with a contact integrable Reeb flow (Proposition 4.2). Then, in the
rank 1 case, we consider the restriction to a well known codimension 2 Brieskorn
submanifold (see [25, 10]). It appears that the construction presented in Theorem
3.1 provides an alternative proof that the Brieskornmanifold is a co-oriented contact
manifold. It is well known that all the trajectories of the corresponding Reeb flow
are closed and, therefore, the system is integrable in a noncommutative sense. Here,
we describe the Jacobi bracket within the corresponding Lie algebra of integrals
(Theorem 4.1).
Further, for a class of the Brieskorn manifolds diffeomorphic to the standard
spheres S4m+1, m ∈ N, and contact flows studied by Ustilovsky [32], we prove con-
tact noncommutative integrability of the flows with generic invariant pre-isotropic
tori of dimension m+ 1 (Proposition 4.4).
Finally, we note that the integrability of the Reeb flow on a sphere S2n+1
is a particular case of the integrability of the Reeb flows on compact K-contact
manifolds (Proposition 5.1).
2. Isoenergetic and partial integrability
2.1. Hypersurfaces of contact type. Let (P, ω) be a symplectic 2n-dimen-
sional manifold. Let H be a smooth function on P . Consider the Hamiltonian
equation
(2.1) x˙ = XH ,
where the Hamiltonain vector field XH is defined by
(2.2) iXHω( · ) = ω(XH , · ) = −dH( · ).
The Hamiltonian H is the first integral of the system. Let M be a regular
connected component of the invariant varietyH = h (dH |M 6= 0). Since dH(ξ) = 0,
ξ ∈ TxM , from (2.2) we see that XH generates the symplectic orthogonal of TxM
for all x ∈ M – the characteristic line bundle L of M . It is exactly the kernel of
the form ω restricted to M . Note that L is determined only by M and not by
H . If F is an another Hamiltonian defining M , M ⊂ F−1(c), dF |M 6= 0, then the
restrictions of Hamiltonian vector fields XH and XF to M are proportional.
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An orientable hypersurfaceM of a symplectic manifold (P, ω) is of contact type,
if there exists a 1-form α on M satisfying
dα = j∗ω, α(ξ) 6= 0, ξ ∈ LM , ξ 6= 0,
where j : M → P is the inclusion (see Weinstein [34]). If (M,α) is of contact
type, we see, owing to L = kerωM , that H = {ξ ∈ TxM |α(ξ) = 0, x ∈ M} is a
(2n−2)-dimensional nonintegrable distribution on which dα = ω is nondegenerate.
Consequently, α∧dαn−1 is a volume form onM and (M,H) is a co-oriented contact
manifold.
Note that, since the corresponding Reeb vector field (1.1) is a section of ker dα,
it is proportional to XH |M . Therefore, the Reeb flow, up to a time reparametriza-
tion, coincides with the Hamiltonian flow restricted to M . In particular, a closed
Reeb orbit is a closed orbit of the Hamiltonian flow, and this was the motivation
for introducing the concept of contact type hypersurfaces [34] (e.g., see [1, 17]).
In the case of an exact symplectic manifold ω = dα, M is of contact type with
respect to α if α(XH)|M 6= 0. Then α has no zeros in some open neighborhood of
M . There exists a unique vector field E without zeros such that
(2.3) iEω = α.
From Cartan’s formula, (2.3) is equivalent to LEω = ω, i.e., E is the Liouville
vector field of ω. M is of contact type with respect to α if and only if the Liouville
vector field is transverse to M , i.e., E(H)|M 6= 0 (e.g., see Libermann and Marle
[24]). It can be shown that the Reeb vector field is given by
(2.4) Z = XH/E(H)|M .
For example, the Reeb vector field Z coincides with the restrictions to M of
Hamiltonian vector fields of the functions (e.g., see [20])
H0 =
H − h
E(H)
(H0|M = 0),(2.5)
HMJ =
E(H)
4h− 4H + 2E(H)
(HMJ |M =
1
2
).(2.6)
The transformation H 7−→ H0 is a variation of Moser’s regularization of Ke-
pler’s problem [27, 20]. On the other hand, given a natural mechanical system
(Q, 〈·, ·〉, V ),
H(q, p) =
1
2
〈p, p〉+ V (q) =
1
2
∑
ij
Kijpipj + V (q),
and an isoenergetic surface Mh = H
−1(h), h > maxQ V , the function (2.6)
HMJ (q, p) = 〈p, p〉/(4(h− V (q)))
is the Hamiltonian of the geodesic flow of the Maupertuis–Jacobi metric ds2MJ =
2(h−V (q))ds2 on Q. Here α = pdq is the canonical 1-form and E =
∑
i pi∂/∂pi is
the standard Liouville vector field on T ∗Q(q, p).
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2.2. Isoenergetic integrability. It is well known that the standard metrics
on a rotational surface and on an ellipsoid have the geodesic flows integrable by
means of an integral polynomial in momenta of the first (Clairaut) and the second
degree (Jacobi), respectively [2]. The natural question is the existence of metrics
on a sphere S2 with polynomial integral which can’t be reduced to a linear or a qua-
dratic one. The first examples, the Kovalevskaya ds2K and Goryachev–Chaplygin
ds2GC metrics with additional integrals of 4-th and 3-rd degrees, are given by Bolsi-
nov, Kozlov and Fomenko (see [7]). Namely, the motion of a rigid body about a
fixed point in the presence of the gravitation field admits SO(2)–reduction (rota-
tions about the direction of gravitational field). Taking the integrable Kovalevskaya
and Goryachev–Chaplygin cases we get integrable systems on T ∗S2. The metrics
ds2K and ds
2
GC are then the appropriate Maupertuis–Jacobi metrics on the sphere.
The following statement is a contact generalization of the construction given
in [7].
Let {·, ·} be the canonical Poisson bracket on a symplectic manifold (P, ω).
Proposition 2.1. Suppose that the Hamiltonian equations (2.1) are com-
pletely integrable in a noncommutative sense with respect to the integrals F1 =
H, . . . , F2n−r satisfying (1.6). Let M = H
−1(h) be a contact type hypersurface,
such that the restrictions F2|M , . . . , F2n−r |M are independent. Then the Reeb flow
on M is contact completely integrable in a noncommutative sense with respect to
the integrals F2|M , . . . , F2n−r|M .
We can say that Proposition 2.1 is something that one could expect. It follows
from a more general and slightly unexpected statement.
Theorem 2.1 (Isoenergetic integrability). Let M = H−1(h) be a contact
type isoenergetic submanifold of the Hamiltonian equations (2.1) with respect to
α: j∗ω = dα, where j :M → P is the associated inclusion. Suppose a collection of
functions F1 = H, . . . , F2n−r satisfy relations (1.6) on the isoenergetic hypersurfce
M and that the restrictions f2 = F2 ◦ j, . . . , f2n−r = F2n−r ◦ j are independent.
Then the Reeb flow on M
(2.7) x˙ = Z =
1
α(XH)
XH
is contact completely integrable in a noncommutative sense with respect to the in-
tegrals f2, . . . , f2n−r. In other words, the regular compact connected components of
the invariant level sets
(2.8) T = Tc2,...,c2n−r : H = h, F2 = c2, . . . , F2n−r = c2n−r
are r–dimensional isotropic tori of (P, ω), or pre-isotropic tori considered on (M,α),
spanned by the contact commuting vector fields
(2.9) Y1 = Z, Yk =
Fk − α(XFk)
α(XH)
XH +XFk , k = 2, . . . , r.
Note that the restriction of the Hamiltonian flow (2.1) toM and the Reeb flow
(2.7) are related by the time reparametrization dt = α(XH)dτ .
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Proof. As in the proof of the usual noncommutative integrability, from
XFi(Fj) = {Fj , Fi} = 0|M , i = 1, . . . , r, j = 1, . . . , 2n− r,
we have that XFi , i = 1, . . . , r are tangent to the invariant sets (2.8). Also, if T
is regular component of (2.8), from the dimensional reasons, its tangent space is
spanned with XFi , i = 1, . . . , r. This is an isotropic manifold since
ω(XFi , XFj ) = {Fj , Fi} = 0|M , i, j = 1, . . . , r.
It is a nontrivial fact that T admits a transitive Rr-action and therefore it is
diffeomorphic to a r-dimensional torus. Namely, conditions (1.6) on M imply
[XFk , XFi ] = σkiXF1 = σkiXH , k = 1, . . . , r, i = 1, . . . , 2n− r,
for certain functions σki defined on M . Thus, T is a torus if one can deform
tangent vector fields XF1 , . . . , XFr to commuting independent vector fields on T .
This, together with a noncommutative integrability of the Reeb flow (2.7) follows
from the consideration below.
To avoid a confusion between the objects defined on M and P , in what follows
by X˜ we denote the restrictions of the vector fields X tangent to M : j∗(X˜) = X .
First note, since Z is proportional to X˜H , the restrictions f2, . . . , f2n−r are
integrals of the Reeb flow (2.7). That is, dfi are semi-basic forms onM , or in terms
of the Jacobi bracket (1.5):
[1, fi] = 0, i = 2, . . . , 2n− r.
Thus, we need to prove
[fk, fi] = 0, i = 2, . . . , 2n− r, k = 2, . . . , r,
which is equivalent to the commuting of the associated contact Hamiltonian vector
fields: [Yfk , Yfi ] = 0.
Recall that a horizontal part Yˆfi of Yfi (α(Yˆfi ) = 0) is defined by Yˆfi = α
♯(dˆfi),
and since dfi is semi-basic, we have
(2.10) iYˆfi
dα = −dˆfi = −dfi.
On the other hand, the Hamiltonian vector field XFi is tangent to M and satisfies
(2.11) iXFiω = −dFi.
By taking the pull back of (2.11) and combining with (2.10) we get
Yˆfi − X˜Fi ⊂ ker dα.
Whence,
Yˆfi = X˜Fi − α(X˜Fi)Z,
and the contact Hamiltonian vector fields of the functions fi are given by
Yfi = fiZ + X˜Fi − α(X˜Fi )Z, i = 2, . . . , 2n− r.
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By definition of the Jacobi bracket (1.5) we have:
[fk, fi] = Yfk(fi)− fiZ(fk)
= Yfk(fi)
= (fkZ + Yˆfk)(fi)
= X˜Fk(fi)
= j∗(XFk(Fi))
= j∗{Fi, Fk} = 0,
for i = 2, . . . , 2n− r, k = 2, . . . , r. 
In particular, for r = n we have the isoenergetic version of the Arnold-Liouville
theorem:
Corollary 2.1 (Isoenergetic Arnold-Liouville theorem). Let M = H−1(h)
be a contact type hypersurface. Suppose a collection of functions F1 = H, . . . , Fn
Poisson commute on M
(2.12) {Fi, Fj} = 0|M
and that the restrictions F2|M , . . . , Fn|M are independent. Then the Reeb flow on
M is contact completely integrable with respect to the integrals F2|M , . . . , Fn|M .
Thus, the system doesn’t need to be integrable on the whole phase space, while
the isoenergetic hypersurface M is foliated on Lagrangian tori, or pre-Legendrian
in the contact sense. In a neighborhood of a torus, there exist contact action-
angle coordinates (θ0, . . . , θn−1, y1, . . . , yn−1), such that yi depends on the integrals
F2|M , . . . , Fn|M , the contact form has the canonical form y0(y1, . . . , yn−1)dθ0 +
y1dθ1 + · · ·+ yn−1dθn−1 in which the Reeb vector field is linearized
Z =
n−1∑
i=0
ωi
∂
∂θi
, ω0 =
(
−y0 +
n−1∑
i=1
yi
∂y0
∂yi
)−1
, ωi = −
1
ω0
∂y0
∂yi
.
Although the problem of existence of polynomial in momenta first integrals for
natural mechanical systems on a fixed isoenergetic hypersurface is well known and
goes back to Birkhoff [4, 5] (the examples are given by Yehia, see [36] and references
therein), the formulation of the isoenergetic integrability, to the authors knowledge,
has not been given yet. Furthermore, in the case of the natural mechanical systems,
a compact regular component M of the isoenergetic hypersurface H−1(h) is always
of contact type. This is obvious, when h > maxQ V . In general, if h < maxQ V we
can perturb the canonical 1-form pdq by a closed 1-form form β, such that M is of
contact type with respect to pdq + β (e.g., see [17]).
Another approach to the integrability on invariant manifolds is given by Nekhoro-
shev [30, 31].
2.3. Partial integrability. Next, we can interchange the role of the Hamil-
tonian function and one of the integrals in Corollary 2.1.
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Corollary 2.2. Suppose that a Hamiltonian system (2.1) has n−1 commuting
integrals F1 = H,F2, . . . , Fn−1 and an invariant relation
Σ : F0 = 0,
that is, the trajectories with initial conditions on Σ stay on Σ for all time t. If Σ
is of the contact type manifold and if it is invariant for all Hamiltonian flows XFi ,
then the compact regular components of the invariant varieties
F0 = 0, H = F1 = c1, F2 = c2, . . . , Fn−1 = cn−1
are Lagrangian tori.
The situation is closely related to the notion of the systems of Hess-Appel’rot
type introduced by Dragovic´ and Gajic´ [12] as well as the notion of partial inte-
grability given in [18]. Although Σ is foliated on invariant Lagrangian tori, the
dynamics of (2.1) does not need to be solvable.
2.4. Remark. If we are interested in the dynamics in the invariant neigh-
borhood U ⊂ M of the regular compact invariant level set T (with the property
dF1∧· · ·∧dF2n−r 6= 0|U ), then instead of the condition thatM is of contact type in
Theorem 2.1, we can assume a slightly weaker condition that U is of contact type.
Then we have contact integrability of the Reeb flow restricted to U . Similarly, the
invariant relation Σ in Corollary 2.2 does not need to be of contact type.
2.5. Example. A classical example of a partially integrable system is the
Hess-Appel’rot case of the heavy rigid body motion around a fixed point. The
phase space is the cotangent bundle of SO(3). In Euler’s angles (ϕ, θ, ψ), the
Hamiltonian of the system can be written in the form
H =
1
2
(aM21 + aM
2
2 + bM
2
3 + 2cM1M3) + k cos θ,
where the components of the angular momentum are
M1 =
sinϕ
sin θ
(pψ − pϕ cos θ) + pθ cosϕ,
M2 =
cosϕ
sin θ
(pψ − pϕ cos θ)− pθ sinϕ, M3 = pϕ.
The system has two integrals, the Hamiltonian function H and the Noether
integralMz = pψ corresponding to the symmetry of the system with respect to the
rotations around the vertical axes ~ez. Also, the system has the invariant relation
Σ : M3 = pϕ = 0.
Since the Hamiltonian flow of the functionM3 is given by the vector fieldXM3 =
∂/∂ϕ (rotations of the body around the axes ~e3 fixed in the body), we see that Σ is
not of the contact type with respect to the canonical 1-form pϕdϕ+ pθdθ + pψdψ,
but it is of the contact type with respect to the perturbation of the canonical 1-form
by a closed 1-form dϕ:
α = pϕdϕ+ pθdθ + pψdψ + dϕ, α(XM3 ) ≡ 1.
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Further, since
{M3,Mz} = 0, {pϕ, pψ} = 0,
from Corollary 2.2 we obtain that the regular connected invariant level sets
H = h, Mz = c, M3 = 0,
are Lagrangian tori. This is well known and can be seen directly from the fact that,
after confining to Σ, the Hamiltonian of the Hess-Appel’rot case coincides with
the Hamiltonian of the integrable Lagrange case of the heavy rigid body motion.
However, the dynamics on Σ of the Hess-Appel’rot system is quite different from the
one of the Lagrange top. For a complete integration one should solve an additional
Riccati equation (e.g., see [14] for both: the classical and the algebro-geometric
integration of the system).
2.6. Example. As an illustration of Proposition 2.1, we give the example of
an integrable contact flow, which is not a a geodesic flow of the Maupertuis–Jacobi
metric. Consider the simplest integrable system on the standard linear symplectic
space (R2n+2(q, p), dp ∧ dq), the system of n + 1 harmonic oscillators with the
Hamiltonian
(2.13) H0 =
n∑
i=0
1
2ai
(q2i + p
2
i ),
where ai are positive numbers. The commuting integrals are Fi = q
2
i + p
2
i , i =
0, . . . , n. If instead of the canonical 1-form pdq we take
(2.14) α0 =
n∑
i=0
pidqi −
1
2
d(
n∑
i=0
piqi) =
1
2
∑
i
pidqi − qidpi,
then dα0 = d(pdq) = dp ∧ dq and the only zero of α0 is at the origin 0. The
corresponding Liouville vector field is
E =
1
2
∑
i
qi
∂
∂qi
+ pi
∂
∂pi
.
Let Eh be an ellipsoid H0 = h, h > 0. We have E(H0)|Eh = h 6= 0. Therefore,
Eh is of contact type with respect to α0. According to (2.4), the Reeb vector field on
(Eh, α0) is given by Z =
1
hXH0 . The contact ellipsoid (Eh, α0) is contactomorphic
to the K-contact structure on a sphere S2n+1 [35] (see Section 4). In particular,
for a0 = a1 = · · · = an = 1 we get the standard contact structure on the sphere
S2n+1 = H−10 (h), where the characteristic line bundle defines the Hopf fibration.
Lemma 2.1. The standard linear action of U(n+1) on R2n+2 ∼= Cn+1 (p+iq =
z) is Hamiltonian with the momentum mapping
Φ : R2n+2 → u(n+ 1) ∼= u(n+ 1)∗, Φ(q, p) = p ∧ q + i(q ⊗ q + p⊕ p).
Here u(n+1) is identified with u(n+1)∗ by the use of the product proportional
to the Killing form: 〈ξ, η〉 = − 12 tr(ξη).
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The Hamiltonian (2.13) for a0 = a1 = · · · = an = 1 is a collective function -
the pull-back of a linear Casimir function
K0(ξ) = −
1
2
tr(ξζ), ζ = diag(i, . . . , i)
via the momentum mapping Φ. Note that Φ(R2n+2) is the union of singular adjoint
orbits. For (q, p) 6= 0, the orbit through Φ(q, p) is diffeomorphic to a complex
projective space CPn ∼= U(n + 1)/U(n) × U(1). On the other hand, the orbits of
U(n+ 1)-action on R2n+2 for (q, p) 6= 0 are the spheres H−10 (h).
Let us take an arbitrary integrable system on u(n+ 1). For example, consider
the Gelfand–Cetlin system that is defined by the filtration of Lie algebras u(1) ⊂
u(2) ⊂ · · · ⊂ u(n+ 1) (e.g., see [16]).
Let ξ
u(k) be the projection of ξ to u(k) with respect to the scalar product 〈·, ·〉.
The Euler equation ξ˙ = [ξ,∇K(ξ)] with the Hamiltonians
K(ξ) = −
1
2
n∑
k=0
λk tr(ξu(k+1)ξu(k+1)),
where λk are real parameters, are completely integrable.
Note that the U(n+1)-action is multiplicity free, so the system with collective
Hamiltonian H = K ◦ Φ is also integrable and we need only Noether integrals for
complete integrability [16]. Indeed, we have H =
∑n
k=0 λkHk(q, p), where
Hk =
1
2
k∑
i=0
(q2i + p
2
i )
2 +
∑
0≤i<j≤r
(qiqj + pipj)
2 + (qjpi − pjqi)
2, k = 0, . . . , n
are commuting integrals of the system.
Let Σ : H = h 6= 0. It is an algebraic surface of degree 4. Since E(H) = 2h|Σ,
Σ is of contact type and the Reeb flow is Z = (2h)−1XH |Σ.
We can summarize the considerations above in the following statement.
Proposition 2.2. The Reeb flow on Σ is completely integrable.
Similarly, let a compact connected Lie group G acts in a Hamiltonian way on
a symplectic manifold (P, ω) with the equivariant momentum mapping Φ : P → g∗
(doesn’t need to be multiplicity free action). Let K : g∗ → R be a Hamiltonian
function such that the Euler equations
(2.15) µ˙ = −ad∗dK(µ)µ
are completely integrable on general co-adjoint orbits O(µ) ⊂ Φ(M) with a set
of Lie–Poisson commuting integrals fi, i = 1, . . . , N , N = dimO(µ). Then the
Hamiltonian equations on P with a collective Hamiltonian function H = K ◦Φ are
completely integrable (in the non-commutative sense). The complete set of first
integrals is
{fi ◦ Φ | i = 1, . . . , N}+ C
∞
G (P ),
where C∞G (P ) is the algebra of G-invariant functions [8]. Thus, if a isoenergetic
hypersurface M = H−1(h) is of a contact type, the associated Reeb vector field
will be completely integrable.
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Recently, as an application of Proposition 2.1, a discrete Hamiltonian system,
namely Heisenberg model on a product of light–like cones in a pseudo–Euclidean
space, which induces an integrable contact transformation on certain contact hy-
persurfaces is given in [21].
3. Contact systems with constraints
A contact submanifold of the contact manifold (M,HM ) is a triple (N,HN , j),
where (N,HN ) is a contact manifold and j : N → M is an embedding such that
j−1∗ (HM ) = HN .
Let (M,α) be a co-oriented contact manifold and j : N → M an embedding.
If we define
HN = {X ∈ TN | j∗(X) ∈ HM} = j
−1
∗ (HM ),
then HN = ker(j∗α). The distribution HN is of codimension one, if N is transverse
to HM . In order to induce a contact structure on N it is also necessary that dj∗α
is non-degenerate on (HN )x, for all x ∈ N . To summarize, (N, j∗α) is a contact
co-oriented submanifold of (M,α), if N is transverse to HM and if dj∗α is non-
degenerate on ker(j∗α).
We derive a contact version of Dirac’s construction which deals with constrained
Hamiltonian vector fields on symplectic manifolds (e.g., see [28]).
Theorem 3.1. Let (M,α) be a (2n+1)-dimensional co-oriented contact man-
ifold, G1, . . . , G2k smooth functions on M ,
(3.1) N = {x ∈M |G1(x) = . . . = G2k(x) = 0},
and j : N →M be the corresponding embedding.
(a) If [1, Gj ] = 0|N , j = 1, . . . , 2k and
(3.2) det([Gj , Gi]) 6= 0|N
then (N, j∗α) is a contact submanifold of (M,α) with the Reeb vector field that is
the restriction of the the Reeb vector field Z of (M,α).
(b) Let f be a smooth function on M and
Wf = Yf −
2k∑
i=1
λiYGi .
Then the system
(3.3) dGj(Wf ) = Yf (Gj)−
∑
i
λiYGi(Gj) = 0 j = 1, . . . , 2k
has a unique solution λ1 = λ1(f), . . . , λ2k = λ2k(f) on N . For the given multipli-
ers,
Y ∗f =Wf
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is the contact Hamiltonian vector field of the function f restricted to N . If g is any
smooth function on M , the Jacobi bracket between the restrictions of f and g to N
is given by
(3.4) [f |N , g|N ]N = [f, g] +
∑
i,j
[Gi, g]Aij [Gj , f ],
where Aij is the inverse of the matrix ([Gi, Gj ]). In particular, if either Yf or Yg
is tangent to N , then [f |N , g|N ]N = [f, g].
Proof. (a) From the conditions [1, Gj ] = 0|N , j = 1, . . . , 2k and (3.2), it
easily follows that dG1, . . . , dG2k are linearly independent semi-basic forms on N ,
and that the Reeb vector field Z is tangent to N . Hence N is a submanifold
transverse to HM .
Let
HN = {ξ ∈ TxN |α(ξ) = 0}.
We need to prove that dα is non-degenerate onHN , i.e. thatHN is a symplectic
subbundle of HM . Owing to dimHM = 2n, dimHN = 2n− 2k, we obtain that the
dimension of the symplectic orthogonal to HN within HM equals 2k.
Since dG1, . . . , dG2k are independent semi-basic forms on N , we have that
Z, YG1 , . . . , YG2k , i.e., YˆG1 , . . . , YˆG2k are linearly independent vector fields on N .
Whence, from
dα(YˆGj , X) = −dGj(X) = 0|N , X ∈ HN ,
we see that orthHM HN is spanned by YˆG1 , . . . , YˆG2k . The relations
dα(YˆGj , YˆGi) = dα(YGj , YGi) = [Gj , Gi]
and (3.2) yield that orthHM HN is symplectic, hence HN is symplectic as well.
Since Z is tangent to N , it is obvious that Z|N is the Reeb vector field of
(N, j∗α). Also, note that we have the following decompositions of TxM at x ∈ N :
(3.5) TxM = Zx ⊕HMx = Zx ⊕HNx ⊕ orthHM HNx = TxN ⊕ orthHM HNx.
(b) According to (1.5), we can write the equations for multipliers (3.3) in terms
of the Jacobi brackets
(3.6)
∑
i
λi [Gi, Gj ] = [f,Gj ], j = 1, . . . , 2k,
where we used Gj |N ≡ 0, j = 1, . . . , 2k.
Thus, (3.3) has a unique solution on N ,
λi(f) =
∑
j
Aij [f,Gj ],
determining the projection Wf of Yf to TN with respect (3.5). From
iWfdα(ξ) = −df(ξ) +
2k∑
j=1
λjdGj(ξ) = −df(ξ), ξ ∈ TxN
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we obtain that the contact Hamiltonian vector field of f |N reads
Y ∗f = Wˆf + fZ
= Yf −
∑
i
λi(f)YGi − (α(Yf )−
∑
i
α(λi(f)YGi))Z + fZ
= Yf −
∑
i
λi(f)YGi − (f −
∑
i
λi(f)Gi)Z + fZ
= Yf −
∑
i
λi(f)YGi .
Finally, let g be a smooth function on M . Then
[f |N , g|N ]N = Y
∗
f (g)− gZ(f)
= Yf (g)− gZ(f)−
∑
i
λi(f)YGi(g)
= [f, g]−
∑
i
λi(f)[Gi, g]
= [f, g] +
∑
i,j
[Gi, g]Aij [Gj , f ].

Now, let us consider a general situation, when the Reeb vector field Z of (M,α)
is not tangent to the contact co-oriented submanifold (N, j∗α). Then, analogous
to (3.5), we have the decompositions of TxM at the points x ∈ N :
TxM = Zx ⊕HMx = Zx ⊕HNx ⊕ orthHM HNx
= Z∗x ⊕HNx ⊕ orthHM HNx = TxN ⊕ orthHM HNx,(3.7)
where Z∗ is a linear subbundle of TN spanned by the Reeb vector field Z∗ of
(N, j∗α). For a given smooth function f on M , the contact Hamiltonian vector
field of f |N reads
Y ∗f = Wˆf + fZ
∗ =Wf − α(Wf )Z + fZ
∗,
where Wf is the projection to TN of Yf with respect to the decomposition (3.7).
If N is given by (3.1), then we have the same condition (3.2) on the constraints
G1, . . . , G2k and the same equations (3.6) determining the multipliers λ1, . . . , λ2k,
while the expression for the Jacobi bracket (3.4) is different:
[f |N , g|N ]N = Y
∗
f (g)− gZ
∗(f)
= Yf (g)−
∑
i
λi(f)YGi(g)− (f −
∑
i
λi(f)Gi)Z(g) + fZ
∗(g)− gZ∗(f)
= [f, g] + gZ(f)− fZ(g) + fZ∗(g)− gZ∗(f)−
∑
i
λi(f)YGi(g).
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3.1. Integrability of the Reeb flows. Suppose that the Reeb flow
x˙ = Y1 = Z
on a contact manifold (M2n+1, α) is integrable by means of integrals f1, f2, . . . , f2n−r
satisfying (1.7) and let Mreg denote an open set foliated on invariant pre-isotropic
tori of dimension r + 1. In addition, assume that the system is subjected to the
constraints (3.1) satisfying the conditions of Theorem 3.1.
Since the Reeb vector field on N is the restriction Z|N , it is clear that, in the
case Mreg ∩ N is an open dense set of N , a generic Reeb trajectory on N will
be quasi-periodic. However, as the example with the Reeb flow on the Brieskorn
manifold suggests (see the next section), the restricted flow not need to be integrable
by means of integrals obtained by the restrictions of f1, f2, . . . , f2n−r to N .
Denote the foliation of Mreg on invariant pre-isotropic tori by F . Then F is a
α-complete pre-isotropic foliation and we have the following flag of foliations
(3.8) G = F ∩HM ⊂ F = Z ⊕ G ⊂ E = Z ⊕ orthHM G
Let FN be the foliation given by the level sets fi(x) = ci, i = 1, . . . , 2n − r,
x ∈ Nreg, that is FN = F|N ∩ TN (if necessary, in order to obtain a foliation, we
restrict functions to some open dense set of Nreg). Further, let GN = FN ∩HN =
G|N ∩ HN be an isotropic foliation of Nreg. Then the Reeb flow is integrable by
means of integrals f1|N , . . . , f2n−r|N if the distribution
EN = Z ⊕ orthHN GN
is a foliation (see [19]). We have
EN = Z ⊕ orthHN GN = Z ⊕ (orthHM (G ∩HN ) ∩HN )
= Z ⊕ ((orthHM G + orthHM HN ) ∩HN )
= Z ⊕ prHN (orthHM G) = prTN (Z ⊕ orthHM G) = prTN E ,
where prHN and prTN denote the projections with respect to the decompositions
of TM given in (3.5).
In particular, if F|N is tangent to N (FN = F|N ), then FN is α-complete
preisotropic foliation and the Reeb flow on N is integrable. Indeed, in this case EN
is an integrable distribution, since G|N ⊂ HN implies
prHN (orthHM G) = orthHM G ∩ HN and prTN E = E ∩ TN.
For example, if the generic Reeb trajectories in Nreg are everywhere dense over
the r + 1-dimensional isotropic tori then it is obvious that FN = F|N .
4. Contact flows on Brieskorn manifolds
In Section 2 we started from a system of identical harmonic oscillators and gave
a simple construction of a contact hypersurface in (R2n+2(q, p), dp ∧ dq) with an
integrable Reeb flow associated to the Gelfand–Cetin system on u(n+ 1).
In this section we are going to a different direction. We also start from a system
of harmonic oscillators (2.13), but then change our contact manifold by imposing
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certain constraints thus obtaining the contact structure on the Brieskorn manifold
[25, 10].
4.1. Complete contact integrability on a sphere. In this section we use
the identification Cn+1 ∼= R2n+2, zj = xj + iyj , (j = 0, . . . , n). Let
F (z, z¯) =
n∑
j=0
|zj |
2.
Then the unit sphere S2n+1 may be expressed as the level surface F = 1.
In [35], the following basic examples of K-contact manifolds are given:
Proposition 4.1. Let aj (j = 0, . . . , n) be positive real numbers and
α =
i
8
n∑
j=0
aj(zjdz¯j − z¯jdzj) =
1
4
n∑
j=0
aj(xjdyj − yjdxj).
Then (S2n+1, α) is a co-oriented contact manifold with the Reeb vector field
(4.1) Z = 4i
n∑
j=0
1
aj
(
zj
∂
∂zj
− z¯j
∂
∂z¯j
)
.
Note that the coordinate transformation
(4.2) pi =
√
ai
2
xi, qi =
√
ai
2
yi, i = 0, . . . , n
transforms the contact ellipsoid (E1/4, α0) to the contact sphere (S
2n+1, α). Now,
the contact integrability of the Reeb flow on (S2n+1, α) directly follows from Propo-
sition 2.1. However, it is instructive to have a direct proof as well.
Proposition 4.2. The flow induced by the Reeb vector field (4.1) is completely
contact integrable on (S2n+1, α) and the functions
(4.3) fj(z) = |zj |
2, j = 0, . . . , n
are its commuting integrals.
Proof. Let
Yj =
4i
aj
(
zj
∂
∂zj
− z¯j
∂
∂z¯j
)
, j = 0, . . . , n.
From
Zfj = dfj(Z) = (z¯jdzj + zjdz¯j)(Z) =
4i
aj
(z¯jzj − zj z¯j) = 0
and dF (Yj) =
4i
aj
(z¯jzj − zj z¯j) = 0, we conclude that fj are integrals of (4.1) and
that Yj are tangent to S
2n+1. Since
iYjdα = −(zjdz¯j + z¯jdzj) = −dfj
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and α(Yj) = fj , it follows that Yj are the contact Hamiltonian vector fields of the
functions fj. Whence, from (1.5), we obtain
[fj , fk] = Yjfk = dfk(Yj) = 0, j, k = 0, . . . , n.
Obviously, the functions fj, j = 0, . . . , n are independent on the open dense
subset U = {(z0, . . . , zn) | z0 · . . . · zn 6= 0} of Cn+1, while the restrictions of fj ,
j = 1, . . . , n to S2n+1 are independent on S2n+1 ∩ U . Formally, in the polar
coordinates
(4.4) zj = rje
iϕj , j = 0, . . . , n,
we have dF ∧ df1 ∧ · · · ∧ dfn = 2n+1r0r1 . . . rndr0 ∧ dr1 ∧ · · · ∧ drn 6= 0|U . Therefore,
df1 ∧ . . . ∧ dfn 6= 0|S2n+1∩U , considered as a n-form on S
2n+1. 
Consider a (n+ 1)-dimensional invariant torus
(4.5) Tc : f0 = c
2
0, . . . , fn = c
2
n, c
2
0 + c
2
1 + · · ·+ c
2
n = 1
that lays in S2n+1 ∩ U (c0, . . . , cn > 0). After a coordinate change (4.4), the Reeb
dynamics on Tc is given by
ϕ˙j = ωj =
4
aj
, j = 0, . . . , n.
If ω0, ω1, . . . , ωn (that is, a0, a1, . . . , an) are independent over Q, then the tra-
jectories are everywhere dense over Tc. In general, if among ω0, ω1, . . . , ωn we have
r independent relations
ρk : m
k
0ω0 + · · ·+m
k
nωn = 0, m
k
i ∈ Z, k = 1, . . . , r,
the dimension n + 1 − r of the closure of trajectories laying on Tc is equal to the
rank of (S2n+1, α) considered as a K-contact manifold [35].
4.2. Reduction to Brieskorn manifolds. Now, let aj (j = 0, . . . , n) be
positive integers. Then the rank of (S2n+1, α) is equal to 1, and the Reeb flow
induces a circle action.
Let G(z) =
∑n
j=0 z
aj
j . The set
B = {z ∈ Cn+1 : F (z, z¯) = 1, G(z) = 0}
is known as Brieskorn manifold and (B,α) is a co-oriented contact manifold with
the Reeb vector field (4.1) (see [25]). Therefore, obviously, the system is integrable
in a noncommutative sense.
Note that
Z(G) = 4i ·G,
implies
(4.6) [G1, 1] = [G2, 1] = 0|B,
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as well as [G1, G2] 6= 0|B (see (4.7)). Here, by G1 and G2 we denoted the real and
the imaginary part of G:
G1(z, z¯) =
1
2
n∑
j=0
(
z
aj
j + z¯
aj
j
)
= ℜ(G),
G2(z, z¯) =
1
2i
n∑
j=0
(
z
aj
j − z¯
aj
j
)
= ℑ(G).
Therefore, the construction presented in Theorem 3.1 provides an alternative
proof of the fact that (B,α) is a co-oriented contact manifold.
In what follows we shall describe the Jacobi brackets [f, g]B within the Lie
algebra of integrals of the Reeb flow.
Lemma 4.1. Define
V1 = 2i
n∑
j=0
(
z¯
aj−1
j
∂
∂zj
− z
aj−1
j
∂
∂z¯j
)
,
V2 = −2
n∑
j=0
(
z¯
aj−1
j
∂
∂zj
+ z
aj−1
j
∂
∂z¯j
)
.
Then V1(z), V2(z) are tangent to S
2n+1 for all z ∈ B. The restrictions to B of the
contact Hamiltonian vector fields YGj on (S
2n+1, α) are given by Vˆj |B, j = 1, 2.
Proof. We have
dF (V1) = 2i
n∑
j=0
(
z¯
aj
j − z
aj
j
)
= 0|B, dF (V2) = −2
n∑
j=0
(
z¯
aj
j + z
aj
j
)
= 0|B,
which proves the first assertion. Now,
iV1dα =
i
4
n∑
j=0
ajdzj ∧ dz¯j(V1, ·)
=
i
4
n∑
j=0
aj
(
dzj(V1)dz¯j − dz¯j(V1)dzj
)
= −
1
2
n∑
j=0
aj
(
z¯
aj−1
j dz¯j + zj
aj−1dzj
)
= −dG1,
and similarly for dG2. 
Theorem 4.1. Let f and g be integrals of the Reeb vector field (4.1). Then
[f, g]B = [f, g] +
df(V2)dg(V1)− df(V1)dg(V2)
µ
,
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where [·, ·]B is the Jacobi bracket on (B,α), [·, ·] is the Jacobi bracket on (S2n+1, α)
and
µ = 2
n∑
j=0
aj|zj |
2(aj−1) = 2
n∑
j=0
ajf
aj−1
j 6= 0.
Proof. Let Yf , YG1 , YG2 be the contact Hamiltonian vector fields on (S
2n+1, α)
and
Wf = Yf − λ1YG1 − λ2YG2 .
Taking into account (1.5), (4.6), and Lemma 4.1, we have
(4.7) [G1, G2] = YG1G2 = dG2(YG1) = dG2(V1) = µ 6= 0|B.
Theorem 3.1 implies that the system
(4.8) dG1(Wf ) = dG2(Wf ) = 0,
has a unique solution and Y ∗f = Wf is the contact Hamiltonian vector field on
(B,α). In particular, (4.8) leads to
(4.9) λ1 =
dG2(Yf )
µ
, λ2 = −
dG1(Yf )
µ
and since Z(f) = Z(g) = 0, we get
[f, g]B = [f, g] +
(
−
dG2(Yf )
µ
YG1 +
dG1(Yf )
µ
YG2
)
g
= [f, g] +
(
−
dG2(Yf )
µ
V1 +
dG1(Yf )
µ
V2
)
g.
Finally, from
dGj(Yf ) = −dα(YGj , Yf ) = −dα(Vj , Yf ) = dα(Yf , Vj) = −df(Vj), j = 1, 2,
we conclude the proof. 
Corollary 4.1. The integrals (4.3) do not commute on (B,α).
Proof. From
dfj(V1) = 2i
(
z¯
aj
j − z
aj
j
)
, dfj(V2) = −2
(
z¯
aj
j + z
aj
j
)
and [fj , fk] = 0, we obtain
[fj , fk]B =
4i
µ
[(
z¯
aj
j − z
aj
j
)(
z¯akk + z
ak
k
)
−
(
z¯
aj
j + z
aj
j
)(
z¯akk − z
ak
k
)]
=
8i
µ
[
z¯
aj
j z
ak
k − z
aj
j z¯
ak
k
]
6= 0,
for j 6= k. 
Proposition 4.3. The complete noncommutative set of integrals of the Reeb
flow on the Brieskorn manifold (B,α) is given by fj, [fj, fk]B, j, k = 0, . . . , n.
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Proof. The integrals fj and
fj,k =
µ
8
[fj, fk]B = i
[
z¯
aj
j z
ak
k − z
aj
j z¯
ak
k
]
provide a complete set of noncommuting integrals for the Reeb flow on S2n+1 (their
level sets are the Reeb circles). Therefore, after restricting them to the Brieskorn
manifold B, we get a complete set of integrals for a Reeb flow on B.
Indeed, consider a torus (4.5) and a coordinate change (4.4). The integrals fj,k,
restricted to Tc,
fj,k|Tc = ic
aj
j c
ak
k
[
ei(akϕk−ajϕj) − e−i(akϕk−ajϕj)
]
,
correspond to the rational relations
ρj,k : mjωj +mkωk = 0, mj = aj , mk = ak.
Since among ρj,k we have n independent relations, among fj,k|Tc we have n
independent functions. Thus, among fj, fj,k we have 2n independent functions on
S2n+1, that is 2n− 2 independent functions on B. 
In [32], Ustilovsky studied the Brieskorn manifolds (Bp, αp) with
(4.10) a0 = p, a1 = · · · = an = 2,
where n = 2m + 1 and p ≡ ±1 ( mod 8). The manifold Bp is diffeomorphic to
a standard sphere S4m+1 [11], and as shown in [32], for p1 6= p2, the contact
structures Hp1 = kerαp1 and Hp1 = kerαp1 are not isomorphic. The proof is based
on the study of periodic trajectories of the Reeb flow of the perturbed contact form
1
Hαp, which is equal to the contact flow
(4.11) z˙ = Y ∗H
on (Bp, αp), where
H = F +
m∑
j=1
ǫjgj , 0 < ǫj < 1, j = 1, . . . ,m,
gj = i(z¯2jz2j+1 − z2j z¯2j+1) = 2(y2jx2j+1 − y2j+1x2j).
From the point of view of integrability, we can consider the contact flow of H
as an integrable perturbation of the Reeb flow.
Proposition 4.4. The contact flow (4.11) is completely integrable in a non-
commutative sense. Generic invariant pre-isotropic tori are of dimension m + 1,
spanned by the Reeb flow and the contact flows of integrals g1, . . . , gm.
Proof. Since fi, gj are integrals of the system of harmonic oscillators with
conditions (4.10), after the coordinate transformation (4.2), from Proposition 2.1
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we obtain the following commuting relations on (S4m+3, αp):
[gi, gj] = {gj, gi}|E 1
4
= 0,
[gj , 1] = {H0, gj}|E 1
4
= 0,
[f0, gj ] = {gj, f0}|E 1
4
= 0,
[f1, gj ] = {gj, f1}|E 1
4
= 0,
[hi, gj] = {gj, hi}|E 1
4
= 0,
where hj = f2j + f2j+1, j = 1, . . . ,m.
Next, since
dgj(V1) = i(z2j+1dz¯2j + z¯2jdz2j+1 − z2j+1dz¯2j − z¯2jdz2j+1)(V1)
= −2(−z2j+1z2j + z¯2j z¯2j+1 + z2j+1z2j − z¯2j z¯2j+1) = 0,
dgj(V2) = i(z2j+1dz¯2j + z¯2jdz2j+1 − z2j+1dz¯2j − z¯2jdz2j+1)(V2)
= −2i(z2j+1z2j + z¯2j z¯2j+1 − z2j+1z2j − z¯2j z¯2j+1) = 0,
from Theorem 4.1 we get the commuting relations on (Bp, αp) as well:
[gi, gj ]Bp = 0, [f0, gj ]Bp = 0, [f1, gj]Bp = 0,
[hi, gj]Bp = 0, [gj , 1]Bp = 0.
Within the set of integrals of the Reeb flow, the Jacobi bracket of two integrals
of the system (4.11) is both the integral of (4.11) and of the Reeb flow. Thus, we
have a set of integrals
(4.12) gj, hj = f2j + f2j+1, f0, f1, [f0, hj ]Bp , [f1, hj ]Bp , [hi, hj ]Bp ,
that commute with gk, for all i, j, k = 1, . . . ,m.
For the noncommutative integrability, it remains to note that among the inte-
grals (4.12) we have 3m independent functions, including g1, . . . , gm. Indeed,
(4.13) dG1 ∧ dG2 ∧ dF ∧ dg1 ∧ · · · ∧ dgm ∧ dh1 ∧ · · · ∧ dhm ∧ dq1 ∧ · · · ∧ dqm 6= 0
holds on an open dense subset of Bp. Here, since µ is an integral of the system,
instead of [f1, hj ]Bp we consider as in Proposition 4.3 the integrals
qj =
µ
8
[f1, hj ]Bp = i
[
z¯21z
2
2j − z
2
1 z¯
2
2j
]
+ i
[
z¯21z
2
2j+1 − z
2
1 z¯
2
2j+1
]
, j = 1, . . . ,m.
The relation (4.13) can be verified by straightforward calculations in the polar
coordinates (4.4). 
5. Note on K-contact manifolds
The integrability of the Reeb flow on a sphere (Proposition 4.2) is a particular
case of the integrability of the Reeb flows on compact K-contact manifolds.
Let (M,α) be a (2n + 1)-dimensional co-oriented contact manifold. Then dα
induces a symplectic structure on the contact distribution H = kerα. In this
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situation, there exist a positive definite metric gH and an almost complex structure
J on H, such that
gH(X,Y ) = dα(X, JY ), gH(JX, JY ) = gH(X,Y ),
for all horizontal vector fields X and Y .
The metric g := gH ⊕ (α ⊗ α) on M is called adapted metric to the contact
form α. If there exists an adapted metric g, such that the Reeb vector field is a
Killing vector field
LZg = 0,
then we call (M,α, g) a K-contact manifold. For example, the Sasakian manifolds
have a natural K-contact structure (e.g., see [10]).
The following statement is a simple modification of Proposition 2.1 in Yamazaki
[35].
Proposition 5.1. The Reeb flow on a compact K-contact manifold (M,α, g)
is (noncommutative) contact integrable.
Proof. The Reeb flow ϕ(t) is a one-parametric subgroup in a compact Lie
group G of isometries of (M, g). It follows that the closure of {ϕ(t) | t ∈ R} in G
is a torus Tr+1 for some integer r. Thus, from ϕ(t)∗α = α, we have s∗α = α for
all s ∈ Tr+1 and (M,α) is a Tr+1-contact manifold (the number r+ 1 is called the
rank of (M,α, g) [35, 10]).
Let ξ be in the Lie algebra tr+1 of Tr+1. It induces a contact vector field Yξ
on M with a Hamiltonian fξ = α(Yξ) (f : M → (tr+1)∗, f(ξ) := fξ is known
as a contact momentum mapping [23, 10]). Take a base ξ0, . . . , ξr of t
r+1 such
that Z = Yξ0 , that is fξ0 ≡ 1. Since T
r+1 is Abelian, we have [Yξi , Yξj ] = 0 and
[fξi , fξj ] = 0, i, j = 0, . . . n.
In a neighborhood of a generic point, the Tr+1-action defines a foliation F
on invariant r + 1-dimensional tori. In particular, according to (1.5), we have
dα(Yˆξi , Yˆξj ) = 0, so the leaves of F are pre-isotropic and r ≤ n. Let fr+1, . . . , f2n−r
be the integrals of F defined on an open dense set of M . Since LYξj (fi) = 0, we
have
[fi, 1] = 0, [fi, fξj ] = 0, i = r + 1, . . . , 2n− r, j = 1, . . . , r,
which completes the proof. 
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